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HYPERKA¨HLER NAHM TRANSFORMS
CLAUDIO BARTOCCI AND MARCOS JARDIM
Abstract. Given two hyperka¨hler manifoldsM and N and a quaternionic
instanton on their product, a hyperka¨hler Nahm transform can be defined,
which maps quaternionic instantons on M to quaternionic instantons on N .
This construction includes the case of Nahm transform for periodic instan-
tons on R4, the Fourier-Mukai transform for instantons on K3 surfaces, as
well as the Nahm transform for ALE instantons.
1. Introduction
The Nahm transform is an instance of “geometrical Fourier transform”, orig-
inally introduced by W. Nahm [19] as an extension of the ADHM method to
construct time-invariant instantons (alias monopoles) on R4. This idea was
subsequently applied, by P. Braam & P. van Baal [8], to study instantons on
flat 4-tori. Nowadays, it is clearly understood that these constructions are spe-
cial examples of a much wider framework, which provides an unified description
of correspondences between solutions of the anti-self-duality equations that are
invariant under dual subgroups of translations of R4 (a detailed exposition can
be found in [14]).
An alternative approach to the Nahm transform is provided by the so-called
Fourier-Mukai transform in algebraic geometry. In this case one obtains corre-
spondences between moduli spaces of stable sheaves over abelian or K3 surfaces
[3].
Yet another generalization of the Nahm transform can be defined for instantons
over asymptotically locally Euclidean (ALE) 4-manifolds [5]. ALE spaces are
diffeomorphic to minimal resolutions of C2/Γ, where Γ is a finite subgroup
of SU(2), and are endowed with complete hyperka¨hler Riemannian metric.
The moduli spaces of instantons over ALE spaces were thoroughly studied by
Nakajima [18] and by Kronheimer & Nakajima [16]. Contrary to the previous
examples, the Nahm transform on ALE spaces may fail to be invertible.
It turns out that all these various species of Nahm transforms can be adequately
described in the setting of hyperka¨hler geometry. Actually, for hyperka¨hler
manifolds of any dimension, it is possible to generalize the notion of instanton
by defining the so-called quaternionic instantons [17, 20]. For these objects,
one can prove a generalized Ward correspondence, which relates quaternionic
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instantons onM to some holomorphic vector bundle on the twistor space ofM .
Now, given two hyperka¨hler manifolds M and N and a quaternionic instanton
Q on M × N , a hyperka¨hler Nahm transform is obtained roughly according
to the following recipe: take a quaternionic instanton on M pull it back to
M × N , twist it by Q, and push it down to N . The existence of the hyper-
ka¨hler Ward correspondence ensures (under mild hypotheses) that the result
of these operations is a quaternionic instanton on N .
In this expository paper we intend to review, from the unifying hyperka¨hler
viewpoint, a number of results on Nahm transforms. Section 2 is devoted to
the description of the Ward correspondence for quaternionic instantons. In
Sections 3 and 4 we present the hyperka¨hler Nahm transform, discussing a few
fundamental examples which point to an interesting new conjecture.
2. Hyperka¨hler Ward correspondence
We shall briefly describe the correspondence between quaternionic instantons
on a hyperka¨hler manifold and certain holomorphic bundles over its twistor
space (for a more general treatment valid for quaternionic Ka¨hler manifolds
see [4, 17]).
Let (M, g) be a (possibly non-compact) 4n-dimensional hyperka¨hler manifold
(i.e. the holonomy group H of the Riemannian metric g is contained in Sp(n)).
We denote by {Ik}k=1,2,3 the triple of complex structures and by {ωk}k=1,2,3 the
triple of Ka¨hler structures. We recall that the complex non-degenerate 2-form
Ω = ω2+ iω3 is holomorphic w.r.t. I1. The essential tool in the study of hyper-
ka¨hler geometry is the twistor space, which encodes the information about the
CP
1 family of complex structures on the hyperka¨hler manifold. The twistor
space Z of M is the sphere bundle associated with the rank 3 vector bundle
P ×H sp(1), where P is the holonomy bundle of M ; we denote by p : Z → M
and by q : Z → CP1 the natural projections. On Z there is a complex structure
(different from the product structure), and an anti-holomorphic involution τ ,
preserving the fibers of p, the so-called twistor lines. The differential of τ acts
in the following way:
dτ(v, z) = (v¯, dı(z)) ∀(v, z) ∈ TuZ = Tp(u)M ⊕ Tq(u)CP
1 ,
where ı : CP1 → CP1 is the antipodal map.
For any point x ∈M , the endomorphism Φ =
∑3
k=1 Ik⊗ Ik of Λ
2T ∗xM satisfies
the identity Φ2 = 2Φ + 3Id, so it has eigenvalues 3 and −1. The eigenspace
Ex corresponding to the eigenvalue 3 is isomorphic to sp(n) and can be char-
acterized as
Ex =
⋃
u∈p−1(x)
Λ1,1u T
∗
xM ,
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where Λ1,1u T
∗
xM is the space of the 2-forms of type (1, 1) w.r.t. the complex
structure associated to the point q(u) ∈ CP1.
A quaternionic instanton on M is a pair (E,∇), where E is a complex smooth
vector bundle on M and ∇ a connection whose curvature at any point x ∈M
takes values in Ex ⊗ EndEx. When dimM = 4, this definition corresponds to
the usual one, since anti-self-dual connections are precisely the 2-forms which
are of type (1, 1) w.r.t. all complex structures compatible with the hyperka¨hler
metric [11].
Let (E,∇) be a quaternionic instanton on M such that the connection ∇ is
compatible with a given hermitian metric h on E. It is easy to check that the
pull-back connection p∗∇ induces a complex structure on the pull-back bundle
F = p∗E endowed with the pull-back hermitian metric p∗h. Moreover, we
can define a positive real form ß : F → F ∗, i.e. an antilinear anti-holomorphic
bundle isomorphism covering the involution τ : Z → Z. We set
ß(v)(w) = p∗h(v, τ¯(w)) ,
where τ¯ : F → F is the lifting of τ to F . The following generalized Ward
correspondence holds [4, 20].
Theorem 1. Gauge equivalence classes of rank k hermitian quaternionic in-
stantons on the hyperka¨hler manifold M are in one-to-one correspondence with
isomorphism classes of rank k holomorphic bundles on the twistor space Z of
M , which are holomorphically trivial along the fibers of p : Z → M and carry
a positive real form.
Remark. WhenM is compact, irreducible quaternionic SU(n)-instantons cor-
respond to holomorphic bundles which are µ-stable of degree zero w.r.t. any
Ka¨hler structure induced on M by the hyperka¨hler structure [21]. In particu-
lar, a line bundle fails to be a quaternionic instantons if its first Chern class is
not orthogonal to the cohomology classes of the Ka¨hler forms {ωk}k=1,2,3.
3. The hyperka¨hler Nahm transform
Let us now suppose we are given the following set of data: two hyperka¨hler
manifoldsM , N and an hermitian quaternionic instanton (Q,∇Q) on the prod-
uct M ×N . Let (Qξ,∇|Qξ) denote the restriction of (Q,∇Q) to M × {ξ}, for
any ξ ∈ N . If (E,∇) is a vector bundle with connection on M , we can define
the family of connections
∇ξ = ∇⊗ 1Qξ + 1E ⊗∇|Qξ
on the bundle family E ⊗Qξ, for any ξ ∈ N .
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The twistor space ZM×N ofM×N is the fiber product along CP
1 of the twistor
spaces ZM and ZN of M and N . So, we have the commutative diagram:
(1) ZM
pM

ZM×N
ρM
oo
q

ρN
// ZN
pN

M M ×NpiM
oo
piN
// N
where the horizontal arrows are holomorphic maps while the vertical arrows
are only smooth maps. By our assumptions, the pull-back of (Q,∇Q) to ZM×N
is a holomorphic bundle, which is holomorphically trivial along the fibers of
p : Z →M and carries a positive real form.
Any hyperka¨hler manifold carries a standard spin structure; the spinor bundles
S± are trivial and the projectivitazion of S+ coincides with the twistor space.
By coupling the connection ∇ξ with the Dirac operators on S
±, we get the
family of Dirac operators:
D+ξ : L
2
k+1(E ⊗Qξ ⊗ S
+)→ L2k(E ⊗Qξ ⊗ S
−)
and
D−ξ : L
2
k(E ⊗Qξ ⊗ S
−)→ L2k−1(E ⊗Qξ ⊗ S
+) ,
parametrized by the points of N . If M is non-compact, one has to be more
careful, and consider suitable weighted Sobolev space completions of the spaces
of C∞ sections in order to guarantee that the Dirac operatorsD±ξ are Fredholm,
but we do not want to enter in these details here (for an example, see Section
4.3 below).
Theorem 2. Let (E,∇) be an hermitian quaternionic instanton on M and
assume that the index Eˆ = Ind(D±) of the family of Dirac operators D±ξ is a
smooth vector bundle on N . Then Eˆ → N admits an hermitian quaternionic
instanton ∇ˆ.
Proof. The index bundle Eˆ is endowed with the index connection ∇ˆ, obtained
by projecting the trivial connection on L2k(E ⊗ Qξ ⊗ S
±) down to kerD±ξ . It
is easy to check that the pull-back of (Ind(D±), ∇ˆ) to ZN is a holomorphic
bundle holomorphically trivial along the fibers of p : Z → M and carrying a
positive real form. ✷
Alternatively, whenM and N are compact, we can use the machinery of higher
direct images of coherent sheaves to reformulate the index construction above.
Let us fix a complex structure Iz onM ; we denote byMz the resulting complex
manifold. If (E,∇) is quaternionic instanton, we denote by Ez its associated
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sheaf of holomorphic sections w.r.t. the given complex structure. We say that
(E,∇) satisfies the odd (resp. even) IT condition if
Hk(M, Ez ⊗Qξ) = 0 for k even (resp. odd) and all ξ ∈ N .
The definition is well-posed, since the cohomology groups Hk(M, Ez ⊗Qξ) do
not depend on the choice of the complex structure [21]. Consequently, we shall
drop the subscript z in what follows.
By general results (see [2]), if (E,∇) satisfies the odd IT condition, then one
has the identification of holomorphic vector bundles
−IndD+ =
⊕
k
RkπN∗(π
∗
ME ⊗Q) .
(when the even IT condition is satisfied, one takes D− instead). Let E˜ and
Q˜ denote the sheaves of holomorphic sections of the pull-back bundles p∗ME
and q∗Q, respectively. It can be proved (being careful, since the vertical maps
of the diagram 1 are not holomorphic maps) that the pull-back holomorphic
bundle p∗N(−IndD
+) coincides with
⊕
k R
kρN∗(ρ
∗
M E˜ ⊗ Q˜). Summing up, we
get the following result.
Theorem-Definition 3. Let M , N be two compact hyperka¨hler manifolds,
and let (Q,∇Q) be an hermitian quaternionic instanton over the product M ×
N . Assume that (E,∇) is an hermitian quaternionic instanton onM satisfying
the odd IT condition. Then,
⊕
k R
kπN∗(π
∗
ME ⊗Q) is a quaternionic instanton
onM , which is called the hyperka¨hler Nahm transform of (E,∇) and is denoted
by (Eˆ, ∇ˆ).
Remark. Given the hermitian quaternionic instanton (Q,∇Q), the correspon-
dence between quaternionic instantons on M and quaternionic instantons on
N is not in general invertible. In particular, the hyperka¨hler Nahm transform
of an irreducible quaternionic instanton may fail to be irreducible.
4. Hyperka¨hler Nahm transforms for instantons
LetM be a 4-dimensional hyperka¨hler manifold (not necessarily compact) and
let N be a connected component of the moduli of (irreducible) instantons on N
(with some “framing” at infinity if M is non-compact); i.e. each point ξ ∈ N
can be regarded as an irreducible anti-self-dual connection ∇ξ on a fixed vector
bundle E →M . Then N is also a hyperka¨hler manifold.
Recall that one can define a universal bundle with connection over the product
M × N in the following way [1, 13]. Let A denote the set of all connections
on E, and let G denote the group of gauge transformations (i.e. bundle auto-
morphisms). Again, if M is non-compact, one must use the right analytical
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framework to define A and G, see Section 4.3 below. Moreover, let G de-
note the structure group of E, so that E can be associated with a principal
GE-bundle P over M by means of some representation ρ : G → C
n, where
n = rank E. The gauge group G acts on E×A by g(p, A) = (g(p), g(A)); This
action has no fixed points, and it yields a principal G-bundle E × A → Q,
where Q = E ×A/G.
The structure group G also acts on E × A, and since this action commutes
with the one by G, G acts on Q. Moreover, the G-action on Q∗ = E × A∗/G
has no fixed points, where A∗ denotes the set of irreducible connections on F .
We end up with a principal G bundle Q∗ → M × (A∗/G), and we denote by
P˜ the associated vector bundle Q∗ ×ρ C
n. Since N is a submanifold of A∗/G,
we define the Poincare´ bundle P → M ×N as the restriction of P˜.
The principal G-bundle Q∗ has a natural connection ω˜, constructed as follows.
The space E×A∗ has a Riemannian metric which is equivariant under G×G, so
that it descends to a G-equivariant metric onQ∗. The orthogonal complements
to the orbits of G yields the connection ω˜. Passing to the associated vector
bundle P˜ and restricting it to M × N gives a connection ω on the Poincare´
bundle P. The pair (P, ω) is universal in the sense that (P, ω)|M×{ξ} ≃ (E,∇ξ).
Theorem 4. IfM is 4-dimensional hyperka¨hler manifold and N is a connected
component of the moduli of instantons on N, then the universal connection ω
on the Poincare´ bundle P is an hermitian quaternionic instanton.
Proof. For any complex structure on M compatible with its hyperka¨hler met-
ric, the curvature of the universal connection is of type (1, 1) with respect to
induced complex structure on the M ×N [13]. ✷
As usual, the Weitzenbo¨ck formula can be used to guarantee that kerD+ξ is
trivial for all ξ ∈ N , so that the index bundle is indeed a smooth vector bundle.
Hence, in view of Theorem 2, we may define a hyperka¨hler Nahm transform
that maps instantons on M into quaternionic instantons on N . In particular,
if N is also 4-dimensional, we get a Nahm transform taking instantons on M
into instantons on N .
It is worth noting that if N is non-compact, then one must also do some extra
work to determine whether the Nahm transformed quaternionic instanton has
finite energy.
Furthermore, if M can also be regarded as a moduli space of (quaternionic)
instantons on N , one can define a Nahm transform in the reverse direction,
taking (quaternionic) instantons on N into instantons onM . It is then natural
to ask whether such transforms are the inverse of one another. Based on the
known examples of the hyperka¨hler Nahm transform (see below) we pose the
following general conjecture.
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Conjecture. Let M and N be two connected 4-dimensional hyperka¨hler man-
ifolds. If N is a component of the moduli of instantons on M and M is a
component of the moduli of instantons on N , then:
• M is diffeomorphic to N ;
• the hyperka¨hler Nahm transform is invertible.
Whenever M and N are compact and algebraic w.r.t. at least one complex
structure, then the second claim of the previous conjecture is actually true, in
view of Theorem-Definition 3 and of [9, Theorem 1.1].
Let us now analyze some interesting applications of Theorem 4, mentioning a
few examples in which the conjecture is expected to be true.
4.1. Algebraic tori. The simplest example of hyperka¨hler Nahm transform is
for M being an algebraic torus of complex dimension 2k and N being its dual,
regarded as a moduli space of flat connections on M ; P is the usual Poincare´
bundle. Then the hyperka¨hler Nahm transform is just the usual Fourier-Mukai
transform.
In particular, for M being a flat 4-torus, the hyperka¨hler Nahm transform
coincides with the usual Nahm transform for instantons on T 4 [8, 11], so that
the conjecture is true in this case (M = T 4 and N = (T 4)∗).
4.2. K3 surfaces. The first example of a non-flat hyperka¨hler Nahm trans-
form was described in [3]. Let M be an algebraic K3 surface, which meets the
following requirements:
1) M admits a Ka¨hler form ω whose cohomology class H satisfies H2 = 2;
2) M admits a holomorphic line bundle L whose Chern class ℓ = c1(L) is
such that ℓ ·H = 0 and ℓ2 = −12;
3) if D is the divisor of a nodal curve on M , one has D ·H > 2.
We say that M is a reflexive K3 surface.
Now let N be the moduli space of instantons of rank 2 with determinant line
bundle L (so that c1 = ℓ) and c2 = −1 over M ; it can be shown that N is
isomorphic to M as a complex algebraic variety [3]. Moreover, any instanton
E on M , whose dual is not a point of N , satisfies the odd IT condition. Thus,
since both M and N are hyperka¨hler manifolds, we get the following result [3].
Theorem 5. Let (E,∇) be an irreducible instanton on M such that at least
one of the following conditions is satisfied: rankE 6= 2, detE 6= L∗, c2(E) 6= 1.
Then, the Nahm transform of (E,∇) is an irreducible instanton on N having
the same degree. Moreover, the correspondence is invertible.
This proves the conjecture for M being reflexive K3 surface and N being the
moduli space of instantons on M described above.
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It should be pointed out that, also in this case, the hyperka¨hler Nahm trans-
form coincides with Fourier-Mukai transform of coherent sheaves on M .
4.3. ALE spaces. Let Γ be a finite subgroup of SU(2). LetM be the minimal
resolution of the quotient C2/Γ; it can be proved that M carries a hyperka¨hler
metric g, which is asymptotically locally Euclidean (ALE) in the following sense.
Some open neighborhood V of infinity in M has a finite covering V˜ diffeomor-
phic to R4\B(0, R), for some R > 0, and in the induced coordinates xi the
metric g is required to satisfy the relation
gij(x) = δij + aij with |∂
paij(x)| = O(|x|
(−4−p)) , p ≥ 0
The moduli spaces of instantons over ALE spaces have been studied in detail
by Nakajima [18], and by Kronheimer & Nakajima [16]. Let E → M be a
complex (smooth) vector bundle of rank n and trivial determinant (i.e. an
SU(n) vector bundle). In order to define a suitable notion of connections
that are “framed at infinity”, we fix a group homomorphism ρ : Γ → SU(n);
this homomorphism will be identified with a flat SU(n) connection over S3/Γ.
By taking coordinates xi on V ⊂ X as before, we can extend the function
r(p) = |x(p)| to a positive r function on all of M . Given a connection A0, a
weighted Sobolev norm ‖ · ‖l,2,δ on the space of k-forms Ω
k(E) is defined as
follows:
(2) ‖α‖l,2,δ =
l∑
j=0
‖rj−(δ+2)∇
(j)
A0
α‖L2
for an integer l ≥ 0 and δ ∈ R. We denote the completion of the space Ωk(E)
in this norm by W l,2δ (E ⊗ Λ
kT ∗X).
Now fix l > 2. We say that a connection A on E is asymptotic to ρ in W l,2−2 if
there is a gauge such that A = A0 + α, where the restriction of (E,A0) to
{t} × S3/Γ ⊂ (R,∞)× S3/Γ ≃ V
is the flat bundle with connection ρ, for all t > R and
‖α‖l,2,−2 <∞ .
We denote by AlX(ρ) the space of such connections.
The space of anti-self-dual connections on E asymptotic to ρ and having topo-
logical charge k is described as follows:
AlX,asd(E, ρ, k) =
{
A ∈ AlX(ρ) | A is anti-self-dual and
1
8π2
∫
X
‖FA‖
2 = k
}
The corresponding moduli space is given by the quotient
MM(E, ρ, k) = A
l
X,asd(E, ρ, k)/G
l+1
0
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where Gl+10 is the gauge group of automorphisms of E converging to the iden-
tity, that is:
Gl+10 =
{
s ∈ W l+1,2−1 (End(E)) | ‖s− 1E‖l+1,2,−1 <∞
}
.
The following fundamental result is due to Nakajima [20]:
Theorem 6. Each non-empty, non-compact 4-dimensional component of the
moduli space MM(E, ρ, k) is a complete hyperka¨hler ALE space.
In other words, every such component of the moduli space MM(E, ρ, k) is
diffeomorphic to a minimal resolution of C2/Γˆ for some discrete subgroup
Γˆ ⊂ SU(2), which might be, in general, distinct from Γ. However, a complete
classification (due to Nakajima) of all possible subgroups Γˆ can be achieved [6].
Roughly speaking, Nakajima has shown that the Dynkin diagram associated
with Γˆ has to be a subgraph of the Dynkin diagram associated with Γ. As
a consequence of this classification, one gets two important results (the latter
was already proved in [16] by different methods).
Theorem 7. Let M and N be two ALE spaces. If N is diffeomorphic to a
4-dimensional component of the moduli space of instantons on M and the same
holds for M w.r.t. N , then M is diffeomorphic to N .
In other words, the first part of the conjecture is true.
Theorem 8. Let E be a rank 2 complex vector bundle over an ALE space M .
Let ι : Γ →֒ SU(2) be the inclusion map, with |Γ| denoting the order of Γ.
Then Mˆ =MM(E, ι,
|Γ|−1
|Γ|
) is isomorphic to M as a hyperka¨hler manifold.
Let us now consider the hyperka¨hler manifolds M , N = Mˆ and an instanton
(F,∇) over M . The following facts are true:
1) the universal Atiyah-Singer bundle (Q,∇Q) equipped with the universal
connection is a quaternionic instanton by Theorem 4 and [12];
2) the index IndD− of the family of Dirac operators parametrized by Mˆ
(cf. Section 3) is a finite-dimensional smooth, vector bundle on Mˆ , that
we shall denote by Fˆ [16];
3) the transformed instanton ∇ˆ has finite energy [5, 6].
Therefore, hyperka¨hler Nahm transform takes instantons onM into instantons
on Mˆ , and vice versa. Using the equivalent Fourier-Mukai formulation, one can
expect to show that the transform is invertible, thus proving also the second
part of the conjecture [5, 6].
10 HYPERKA¨HLER NAHM TRANSFORMS
4.4. Further perspectives. Let us now consider the case M = T2 × R2; let
(x, y) denote flat coordinates in T2, and (r, θ) denote polar coordinates in R2.
As it was shown in [7], the moduli space M(k,ξ,µ,α) of SU(2) instantons A on
M which are asymptotic to
A0 = d+ i
(
a0 0
0 −a0
)
, with
a0 = λ1dx+ λ2dy + (µ1 cos θ − µ2 sin θ)
dx
r
+ (µ1 sin θ + µ2 cos θ)
dy
r
+ αdθ
is a smooth hyperka¨hler manifold of real dimension 8k − 4, where
k =
1
8π2
∫
M
|FA|
2
is the instanton charge. In particular, setting k = 1, one also shows that
N =M(1,ξ,µ,α) ≃ T
2 × R2 with the flat metric, whenever it is non-empty.
Thus there is a hyperka¨hler Nahm transform taking instantons on M into in-
stantons on N ; it would be interesting to determine whether the Nahm trans-
formed instanton satisfy |FA| ∼ O(r
−2) (which is equivalent to the asymptotic
condition above, see [7]).
Moreover, M can also be regarded as a moduli space of instantons on N , so
there is a hyperka¨hler Nahm transform taking instantons on N into instantons
on M , giving some evidence for the conjecture being true when M = T2×R2.
Finally, it would also be interesting to consider the hyperka¨hler Nahm trans-
form for instantons over S1×R3 (alias calorons) and M = T3×R. Even more
interesting would be to consider different gravitational instantons (other than
ALE spaces), like asymptotically locally flat (ALF) 4-manifolds, or the ALG
gravitational instantons constructed by Cherkis & Kapustin in [10]. The mod-
uli spaces of instantons over these spaces, however, are much less understood.
References
[1] M. Atiyah and I. Singer, Dirac operators coupled to vector potentials. Proc.
Natl. Acad. Sci. USA 81 (1984), 2597-2600.
[2] C. Bartocci, U. Bruzzo and D. Herna´ndez Ruipe´rez, Fourier-Mukai transform
and index theory. Manuscripta Math. 85 (1994), 141-163.
[3] C. Bartocci, U. Bruzzo and D. Herna´ndez Ruipe´rez, A Fourier-Mukai transform
for stable bundles on K3 surfaces. J. Reine. Angew. Math. 486 (1997), 1-16.
[4] C. Bartocci, U. Bruzzo and D. Herna´ndez Ruipe´rez, A hyperka¨hler Fourier
transform. Differential Geom. Appl. 8 (1998), 239-249.
[5] C. Bartocci and M. Jardim, A Nahm transform for instantons over ALE spaces.
In: R. Ablamowicz (ed.), Clifford Algebras: Applications in Mathematics,
Physics and Engineering, Boston (MA), Birkha¨user 2003.
HYPERKA¨HLER NAHM TRANSFORMS 11
[6] C. Bartocci and M. Jardim, Nahm-Mukai transform for ALE instantons, to
appear.
[7] O. Biquard and M. Jardim, Asymptotic behaviour and the moduli space of
doubly-periodic instantons. J. Eur. Math. Soc. 3 (2001), 335-375.
[8] P. Braam and P. van Baal, Nahm’s transformations for instantons. Commun.
Math. Phys. 122 (1989), 267-280.
[9] T. Bridgeland, Equivalences of triangulated categories and Fourier-Mukai trans-
forms. Bull. London Math. Soc. 31 (1999), 25-34.
[10] S. Cherkis and A. Kapustin, Hyper-ka¨hler metrics from periodic monopoles.
Phys. Rev. D (3) 65(2002), 10 pp.
[11] S.K. Donaldson and P.B. Kronheimer, The geometry of four-manifolds, Claren-
don Press, Oxford 1990.
[12] T. Gocho and H. Nakajima, Einstein-Hermitian connections on hyperka¨hler
quotients. J. Math. Soc. Japan 44 (1992), 43-51.
[13] M. Itoh, Yang-Mills connections and the index bundles. Tsukuba Math. J. 13
(1989), 423-441.
[14] M. Jardim, A survey on Nahm transform. Preprint math.DG/0309305.
[15] P.B. Kronheimer, A Torelli-type theorem for gravitational instantons. J. Diff.
Geom. 29 (1989), 685-697.
[16] P. B. Kronheimer, and H. Nakajima, Yang-Mills instantons on ALE gravita-
tional instantons. Math. Ann. 288 (1990), 263-307.
[17] M. Mamone Capria and S.M. Salamon, Yang-Mills fields on quaternionic spaces.
Nonlinearity 1 (1988), 517-530.
[18] H. Nakajima, Moduli spaces of anti-self-dual connections on ALE gravitational
instantons. Invent. Math. 102 (1990), 267-303.
[19] W. Nahm, Self-dual monopoles and calorons. In: G. Denardo, G. Ghirardi and
T. Weber (eds.), Group theoretical methods in physics. Lecture Notes in Physics
201, Berlin, Springer-Verlag 1984.
[20] T. Nitta, Vector bundles over quaternionic Ka¨hler manifolds. Toˆhoku Math. J.
40 (1988), 425-440.
[21] M. Verbitsky, Hyperholomorphic bundles over a hyperka¨hler manifold. J. Alg.
Geom. 5 (1966), 633-669.
Claudio Bartocci
Dipartimento di Matematica
Universita` degli Studi di Genova
Via Dodecaneso 35
16146 Genova, ITALY
E-mail: bartocci@dima.unige.it
Marcos Jardim
Department of Mathematics and Statistics
University of Massachusetts at Amherst
Amherst, MA 01003-9305 USA
E-mail: jardim@math.umass.edu
